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ABSTRACT 
 

The major problem facing the development of civil and military laser applications lies in the attempts to obtain short pulses  close to the length of the bond that 
connects the atoms of certain materials. In this paper, an executable program has been constructed to simulate and analyze the generation of ultra-short free 
electron laser pulses; it contains several parameters directing the creation of short pulses within a time duration of femtoseconds (fs). On analyzing the simulation 
results, it can be concluded that it is possible to generate ultra-short pulses with a duration of about 7.4 – 87.4 fs with the storage ring free-electron laser Fabry–
Perot resonator with noticeably short wavelengths (11.4–190.2) for the output laser beam. 
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1. Introduction  

The number of laser applications is constantly increasing in the civil 
and military fields due to the generation of very short-wavelength 
laser beams. The fields in which these are used include nonlinear 
optics, the spectroscopy of materials, medical treatment, the 
destruction of military targets, plasma remote sensing, high-speed 
photography, space, and astronomy (Haarlammert and Zacharias, 
2009; Kamil and Al-Aish, 2022; Al-Aish and Jawad, 2017; Benson et 
al., 2011; Varro, 2012). 

Conventional laser oscillators have been used to create these ultra-
short pulses primarily using the mode-locked oscillation technique. 
The pulse generated by this technique has a duration roughly the 
inverse of the gain width. One of the first successful attempts to 
generate ultrashort pulses was in 1986, using Ti:Sapphire as a 
preferred gain medium with good beam quality and high output 
power (Moulton, 1986). 
However, due to the short bandwidth of the pulses, this technique 
has fallen short of producing a series of short pulses in less than a 
picosecond. Nonetheless, the gain spectrum width of a free electron 
laser (FEL) is essentially very wide in contrast to that of most 
conventional lasers, thus enabling a FEL to create ultra-short pulses . 
The storage ring free-electron laser (SR-FEL) is a self-mode locked 
optical system and represents a technique to produce a shorter- 
wavelength beam laser (Varro, 2012; Hannon, 2008; Mahmood and 
Al-Aish, 2020; Al-Aish, 2017; Kamil et al., 2019). 
In this paper, the undulator parameters have been altered to produce 
short pulses at a femtosecond time duration with the Fabry–Perot 
resonator. In contrast, the optical pulses of an SR-FEL are several 
picoseconds, full width at half maximum. 

2. The Technique and Implementation of 
the Work 

The ability of energy spread sources to prompt additional gain 
broadening, homogeneously and non-homogeneously, should be 
considered when designing a Fabry–Perot resonator for the FEL gain 
medium. This will simultaneously lead to an increase in longitudinal 

modes, besides those already present within the gain profile in the 
ultra-short wavelength region, mainly owing to long cavity length. 
These broadening effects significantly influence the small signal gain 
and saturation intensity. The homogenous broadening (

∆𝜔

𝜔
)

ℎ𝑜𝑚
 (as a 

gain spectrum) is related to 𝐿𝑢 (the length of the undulator) and 𝑁𝑢  
(the number of electron wavelengths), which can be written as 

(
∆𝜔

𝜔
)

ℎ𝑜𝑚
=

1

2
 𝑁𝑢                                                                            (1) 

where 𝜔 is the angular frequency. 
The number 𝑁𝑢is given by the equation below (Al-Aish and Kamil, 
2022; Parvin et al., 1997; Mehravaran and Dorranian, 2010; 
Kawamura et al., 1987): 

𝑁𝑢 =
𝐿𝑢 

𝜆𝑢
                                                                                            (2) 

where 𝐿𝑢  is the length of the undulator and 𝜆𝑢is the wavelength of 
an electron.  
The nonhomogeneous broadening is due to energy spread ∈𝑠 of the 
electron beam and emittance ∈𝑖  (𝑖 = 𝑥 + 𝑦) as follows (Parvin et al., 
2012): 
∈𝑠= 4 𝜎 𝑁𝑢                                                                                        (3) 

where 𝜎 is the natural root-mean-square energy spread with values 
ranging from 0.001-0.0001. 
Fine alteration of pulse duration can be conducted by adjusting the 
energy emittance ∈𝑖  of the storage ring, such that equal to zero is in 
correspondence with fs duration and ∈𝑠 equal to one is attributed to 
the picosecond pulse length. 
The emittance of the ∈𝑖  electron beam is one of the critical factors 
concerning the storage ring for FEL operations. At relatively small 
values of energy spread, the total broadening (∆𝜔

𝜔
)

𝑡𝑜𝑡𝑎𝑙
 in an FEL for both 

homogenous and nonhomogeneous effects can be written as (Parvin 
et al., 2012; Dattoli et al., 1993). 

(
∆𝜔

𝜔
)

𝑡𝑜𝑡𝑎𝑙
= (

∆𝜔

𝜔
)

ℎ𝑜𝑚
√1 +∈𝑖

2+∈𝑠
2                                          (4) 

 

The gain broadening corresponds to a greater number of longitudinal 
modes, leading to shorter pulses and a significant reduction in the 
output intensity. Absorption losses in SR-FEL are the main reason 
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behind power growth and gain reduction. A small signal gain and 
corresponding losses of the resonator are the basis of the FEL system. 
The primary purpose of technology is to create a laser beam that has 
high power with exceedingly small ∈𝑠 , broadening, and ∈𝑖 . The 
generation of pulses of femtosecond duration, where one or 
sometimes several pulses are circulating in the laser resonator, is 
mainly achieved through the mode-locking technique. For passive Q 
switching (self-Q switching), the losses are automatically modulated 
with a saturable absorber. Modulation is responsible for the loss in 
the resonator, which arises from the radiative damping of electron 
energy in the undulator (Penzkofer, 1988). 

The round-trip time 𝜏𝑟  of the resonator is equal to the inverse value 
of the free spectral range (𝐹𝑆𝑅) of the resonator (see Figure 1), which 
is given by the equation (Parvin et al., 2012; Dattoli et al., 1993; 
Penzkofer, 1988; Davis, 1996). 

𝜏𝑟 =
1

𝐹𝑆𝑅
=

2𝐿

𝑐
                                                                               (5) 

where 𝐿  is the length of the Fabry–Perot resonator and 𝑐  is the 
velocity of light. 
The number of the 𝑛𝑚𝑜𝑑𝑒  is given by 
𝑛𝑚𝑜𝑑𝑒 = ∆𝑣𝑔𝑎𝑖𝑛 𝜏𝑟                                                                          (6) 
where ∆𝑣𝑔𝑎𝑖𝑛  is the gain bandwidth. The duration of the mode-
locked pulses 𝜏  can be written in the following equation: 

𝜏 =  
𝜏𝑟  

𝑛𝑚𝑜𝑑𝑒
=  

1

∆𝑣𝑔𝑎𝑖𝑛
                                                                    (7) 

 
Figure 1: The round-trip time duration of the mode-locked pulses. 

 
The homogenous broadening (∆𝜔

𝜔
)

ℎ𝑜𝑚
, depends on the number of 

undulator periods 𝑁𝑢  in the half-maximum full width, and can be 
written in the following equation : 

∆𝜔ℎ𝑜𝑚 =
2𝜋𝑐

𝜆 𝑁𝑢
                                                                                 (8) 

where 𝜆 is the wavelength of the output laser. 

𝜆 =
𝜆𝑢

2𝛾2 (1 +
𝑘2

2
)                                                                         (9) 

𝛾 =
𝐸𝑒

𝑚𝑒𝑐2
                                                                                       (10) 

𝑘 =
𝑒 𝛽 𝜆𝑢

2𝜋 𝑚𝑒𝑐
                                                                                  (11) 

where 𝛾  is the relativistic Lorentz factor, 𝐸𝑒  the electron beam 
energy, 𝑚𝑒  the electron mass, 𝛽  the magnetic field, and 𝑘  the 
undulator parameter (Dhedan et al., 2022; Ali et al., b2022; Al-Aish et 
al., 2019). 
The FEL comprises four main parts (electron gun, linear accelerator, 
undulator, and Fabry–Perot resonator), as shown in Figure 2. 
 
 

 
 
 

Figure 2: The four main parts of the FEL. 

 
 
The reflection of the output mirror 𝑅 is given below (Davis, 1996): 

𝑅 =   1 − 𝐴 − 𝑇                                                                             (12) 

where 𝐴 is the absorption loss and 𝑇 the transmittance of the output 
mirror. It can be calculated by (Parvin et al., 2012): 

𝑇 =  
𝐴𝑅[𝑔0𝐿 + ln 𝑅]

1 − 𝑅
                                                                   (13) 

where 𝑔0 is the small signal gain per unit length, written by the equation 
emittance (∈𝑖  (𝑖 = 𝑥 + 𝑦) ≈ 0) (Parvin et al., 2012; Dattoli et al., 
1993; Penzkofer, 1988; Davis, 1996; Dhedan et al., 2022 ): 

𝑔0 =
16𝜋 𝑘2 𝑁𝑢 𝐼 

 𝜆𝑢 𝐼0𝛾 (√1 +∈𝑠
2) (1 + 𝑘2)

                                             (14) 

where 𝐼 is the current of the electron beam. 
The gain and gain factor in the stimulated emission process is 
considered small, so it is necessary to reduce all the causes of loss in 
the laser device, including the loss caused by its absorption by the 
resonator mirrors. Mirrors for the SR-FEL in ultrashort wavelength 
must have high reflectivity and resistance against coherent photons. 

 Many layers of dielectric coatings with high reflectivity are used to 
coat the mirrors instead of metallic coatings (such as aluminum oxide, 
hafnium oxide, and hybrid systems combining fluoride and oxide 
materials) since dielectric coatings do not absorb light, and nearly 
100% of the incident light becomes reflective without any loss. 

These successive layers of thickness  (t) are λ/4, and successive 
refractive indexes (high then low, as shown in Figure 3   ( are 
successively deposited on the glass substrate. Because of the 
difference in the phase that occurs at the point of contact of any two 
layers, all the reflected rays are in one phase and interfere 
constructively. Usually, more than twenty layers are used to obtain a 
reflectivity of approximately 99.9% (Wieduwilt et al., 2014; Zegadi et 
al., 2022). 

Figure 3: Successive refractive indexes (high, then low). 

 

 
The reflectivity of the reflected light in the case of a multi-layered 
mirror is calculated as follows: 

𝑅 =
𝑛2

𝑞+1
 −   𝑛 𝑛1

𝑞−1

𝑛2
𝑞+1

 − 𝑛 𝑛1
𝑞+1                                                                    (15) 

 
where n is the refractive index of the substrate, 𝑛1 the high dielectric 
layer refractive index, 𝑛2 the low dielectric layer refractive index, and 
𝑞 the number of layers. 

 
While the reflectivity of the metal mirror is dependent on the density 
of metal 𝜌 (g/cm3) and the wavelength 𝜆 (in micrometer) of the laser 
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used, reflectivity is as follows:  

𝑅 = 100 − 3.65√
𝜌

𝜆
                                                                      (16) 

The mode-locked pulse duration 𝜏  following a Lorentzian 
distribution, is given by the equation (Parvin et al., 2012; Dattoli et al., 
1993; Penzkofer, 1988; Davis, 1996; Kawamura et al., 1987): 

𝜏 =
2.773

√1 +∈𝑠
2

 (
𝜆 𝐿𝑢 

𝑐 𝜆𝑢
)                                                                   (17) 

 
In the SR-FEL resonator, the pulses are equal to the round-trip time 
𝜏𝑟 . This achieves the gain switching necessary to produce a series of 
pulses, which requires a suitable gain broadening. When the 
bunching frequency 𝑣 is tuned to the 𝐹𝑆𝑅, the repetition time of the 
pulse becomes equal to 𝜏𝑟 . 

𝑣 = 𝐹𝑆𝑅 =
1

𝜏𝑟
=

𝐶

2𝐿
                                                                    (18) 

3. Results and discussion of the 
simulation  

An executable program was constructed using Matlab 2019 software 
(as shown in Figure 4) to simulate and analyze the generation of 
shorter pulses of FEL. It contained several parameters to produce 
shorter pulses of femtosecond duration. 
Figure 4: The implementation of an executable program to produce shorter pulses in fs duration and 

summary of the values of the optimum parameters for the FEL. 

 

Table 1 shows the results of the simulation for the relation between 
the energy spread ∈𝑠 vs. the small signal gain 𝑔0 and transmittance 
𝑇 when the wavelength of the electron 𝜆𝑢is equal to 0.02, 0.03, and 
0.04. 

Table 1: The results of simulation for ∈𝒔 vs 𝒈𝟎  and 𝑻. 
𝜆𝑢 = 0.04  𝜆 = 190.2 𝑛𝑚 

𝑘 = 4.01353 
𝜆𝑢 = 0.03    𝜆 = 42.11 𝑛𝑚 

𝑘 = 0.654025 
𝜆𝑢 = 0.02   𝜆 = 11.4 𝑛𝑚 

𝑘 = 0.422221 ∈𝑠  
T 𝑔0 T 𝑔0 T 𝑔0 

1.38191 10.2715 0.5087 3.80327 0.0568732 0.456403 0.1 
1.36185 10.1229 0.501252 3.74810 0.0559785 0.449776 0.2 
1.33027 9.88896 0.489526 3.66124 0.0545704 0.439345 0.3 
1.28953 9.58717 0.474402 3.54921 0.0527539 0.425890 0.4 
1.24225 9.23696 0.456855 3.41923 0.0506466 0.410280 0.5 
1.19095 8.85696 0.437817 3.27821 0.0483606 0.393347 0.6 
1.13779 8.46318 0.418095 3.13212 0.0459925 0.375805 0.7 
1.08447 8.06822 0.398317 2.98562 0.0436178 0.358215 0.8 
1.03223 7.68124 0.378944 2.84211 0.0412919 0.340986 0.9 

0.981898 7.30844 0.360284 2.70389 0.0390517 0.324392 1 

Figure 5-a shows the effect of changing the energy spread ∈𝑠  on the 
small signal gain 𝑔0, which has an inverse relationship according to 
equation 14. A decrease in the value of the small signal gain 𝑔0 due 
to increasing values of the energy spread ∈𝑠  is noted. This effect 
becomes more evident at high values of the electron wavelength𝜆𝑢. 
This is due to a decrease in the number 𝑁𝑢  values according to 
equation 2 and a decrease in the homogenous broadening (

∆𝜔

𝜔
)

ℎ𝑜𝑚
 

according to equation 8. All these decrease the average number of 
coherent photons resulting from the passage of accelerated electrons 
through the 𝛽 magnetic field. 
Table 1 shows an increase in the value of the wavelength of the 

electron𝜆𝑢 as a result of an increase in the wavelength values of the 
output laser λ and k according to equations 9 and 11. It is also noted 
that at the short wavelength of the resulting laser beam (λ = 11.4 nm), 
the gain 𝑔0is smaller compared to that at a longer wavelength (λ = 
190.2 nm). 
Figure 5-b shows the effect of changing the energy spread ∈𝑠 on the 
transmittance 𝑇. Where the relation is inverse according to equations 
13 and14, a decrease in the value of the transmittance 𝑇 due to an 
increase in the energy spread ∈𝑠 value is noted. The effect is more 
evident at higher values of electron wavelength 𝜆𝑢, resulting from an 
increase in the gain values, and thus the transmittance 𝑇 according to 
equation 13. 
Tables 2, 3, and 4 show the results of the simulation for the relation 
between the energy spread ∈𝑠 vs. the mode-locked pulse duration 𝜏, 
the gain bandwidth ∆𝑣𝑔𝑎𝑖𝑛, and the number of 𝑛𝑚𝑜𝑑𝑒 when the 
wavelength of the electron 𝜆𝑢is equal to 0.02, 0.03, and 0.04.4. 

Table 1: The simulation results for ∈s vs. τ ∆vgain and nmode when λu = 0.02 m. 

∈𝑠  
𝜆𝑢 = 0.02m 𝜏𝑟 = 20𝑛𝑠 𝐿 = 3m 

𝜏(𝑓𝑠) ∆𝑣𝑔𝑎𝑖𝑛𝑠−1𝑇 𝑛𝑚𝑜𝑑𝑒 𝑀 
0.1 10.5218 95.0407 1.9008 
0.2 10.3689 96.4419 1.9288 
0.3 10.1283 98.733 1.9746 
0.4 9.81797 101.854 2.0370 
0.5 9.45792 105.731 2.1146 
0.6 9.06737 110.286 2.2057 
0.7 8.66279 115.436 2.3087 
0.8 8.25713 121.108 2.4221 
0.9 7.85980 127.230 2.5445 
1 7.47715 133.741 2.6748 

 
Table 2: The simulation results for ∈s vs. τ∆vgain and nmode when λu = 0.03 m. 

∈𝑠  𝜆𝑢 = 0.03m 𝜏𝑟 = 20𝑛𝑠 𝐿 = 3m 
𝜏(𝑓𝑠) ∆𝑣𝑔𝑎𝑖𝑛𝑠−1𝑇 𝑛𝑚𝑜𝑑𝑒 𝑀 

0.1 25.8203 38.7292 0.7745 
0.2 25.4452 39.3001 0.7860 
0.3 24.8547 40.2338 0.8046 
0.4 24.0932 41.5056 0.8301 
0.5 23.2096 43.0856 0.8617 
0.6 22.2512 44.9414 0.8988 
0.7 21.2583 47.0403 0.9408 
0.8 20.2629 49.3514 0.9870 
0.9 19.2878 51.8462 1.0369 
1 18.3488 54.4995 1.0899 

 
Table 3: The simulation results for ∈s vs. τ∆vgain and nmode when λu = 0.04 m. 

∈𝑠  𝜆𝑢 = 0.04m 𝜏𝑟 = 20𝑛𝑠 𝐿 = 3m 
𝜏(𝑓𝑠) ∆𝑣𝑔𝑎𝑖𝑛𝑠−1𝑇 𝑛𝑚𝑜𝑑𝑒 𝑀 

0.1 87.4701 11.4325 0. 2286 
0.2 86.1993 11.601 0.2320 
0.3 84.1991 11.8766 0.2375 
0.4 81.6191 12.252 0.2450 
0.5 78.6259 12.7185 0.2543 
0.6 75.3791 13.2663 0.2653 
0.7 72.0157 13.8859 0.2777 
0.8 68.6434 14.568 0.2913 
0.9 65.3403 15.3045 0.3060 
1 62.1592 16.0877 0.3217 

Figure 5-c shows the effect of changing the energy spread ∈𝑠 on the 
pulse duration 𝜏. Where the relation is inverse according to equation 
17, there is a decrease in the value of the pulse duration 𝜏 as a result 
of an increase in the energy spread ∈𝑠 value. The effect is more 
evident at high values of the electron wavelength 𝜆𝑢, where short 
pulses between 𝜏 = 7.47715 𝑓𝑠  and 𝜏 = 87.4701 𝑓𝑠  are 
generated by the Fabry–Perot resonator.  

Figure 5-d and Figure 5-e show the effect of changing the energy 
spread ∈𝑠  on the gain bandwidth ∆𝑣𝑔𝑎𝑖𝑛  and the number of 
𝑛𝑚𝑜𝑑𝑒 when the wavelength of the electron 𝜆𝑢is equal to 0.02, 0.03, 
and 0.04. Where a direct relation is present according to equations 7, 
14, and 17, there is an increase in the values of the gain bandwidth 
∆𝑣𝑔𝑎𝑖𝑛  and the number of 𝑛𝑚𝑜𝑑𝑒 as a result of increasing energy 
spread ∈𝑠values. The effect is more evident at high values of electron 
wavelength𝜆𝑢.  
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Figure 5: The effect of changing the energy spread ∈𝒔  on the small signal gain 𝒈𝟎, transmittance 𝑻, 

pulse duration 𝝉, gain bandwidth ∆𝒗𝒈𝒂𝒊𝒏 and number of 𝒏𝒎𝒐𝒅𝒆. 
 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5: The simulation results for the relation between the length of 
an ideal Fabry–Perot cavity 𝐿 vs. the bunching frequency 𝑣 and the 
round-trip time.  

 
Table5:   The results of simulation for L vs. v and τr. 

𝝉𝒓(𝒏𝒔) 𝒗(𝐌𝐇𝐳) 𝐋 
6.66 150 1 
13.3 75 2 
20 50 3 

26.66 37.5 4 
33.33 30 5 

40 25 6 
46.66 21.4 7 
53.33 18.7 8 

60 16.6 9 
66.66 15 10 

Figure 6-a and Figure 6-b show the effect of changing the length of 
the resonator  𝐿  on the bunching frequency 𝑣  and the round-trip 
time𝜏𝑟 . There is an inverse relation with the bunching frequency 
𝑣 and a direct relation with the round trip-time 𝜏𝑟  according to 
equation  18. In a Fabry–Perot resonator, the condition of resonance 
requires a match between 𝑣  and FSR, so the corresponding 
parameters were determined for 𝜏𝑟  and gain switching. The round-
trip time 𝜏𝑟 = 20𝑛𝑠  was chosen (as shown in Table 2), 
corresponding to the length 𝐿 = 3 𝑚 used in the simulation.  

Figure 6: shows the effect of changing length of resonator  𝑳 on both the bunching frequency and 
the round-trip time𝝉𝒓. 

 
 

 

4. Conclusions 

From the analysis of the obtained simulation results, it can be 
concluded that the small signal gain 𝑔0 is affected by the energy 
spread ∈𝑠; thus, the set of parameters of the laser resonator  SR-FEL 
can be controlled. The main goal of this paper was to generate short 
pulses between 7.4–87.4 fs with the Fabry–Perot resonator using the 
fewest modes (nmode) possible because  there is an increase in the 
values of the gain bandwidth ∆𝑣𝑔𝑎𝑖𝑛 and the number of 𝑛𝑚𝑜𝑑𝑒  as a 
result of increasing the energy spread. 
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